Vector Analysis Examples
If A=Ai+Aj+Ak and B = Bi+Bj+BKk,

prove that A-B = AB + A,B,+ 4,8, .

A-B = (Aji+A,i+A4k)-(Bi+B,j+Bk)
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Ayi-(Bji+B,j+Bk) + A,j-(B,i+B,j+Bk) + Ak-(Bji+B,j+Bk)
AByi-i1 + A Byi+j + A Byd-k + A,B,§-i + A,B,5-5 + A,B,j-k +

It

AB k1 + A B K-j + A Bk k
= A,By + AB, + A B,
since i-i = j-j = k-k = 1 and all other dot products are Zero.
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Find the angle between A = 2i+2j-k and B = 6i-3j+2k,
AB:=ABcos B, A=V +@F+(-17 =3, B=V(6P+ -3+ =

= ((6)+ (2)(=3)+ (-1)(2) = 12-6-2 = 4

Then cos @ = A—B = 4— = i = 0,1905 and g =19° approximately.

If A-B =0 and if 4 and B are not zero, show that A is perpendicular to B.
f A-B = ABcos @ =0, then cos @=0 or & =90°,

Conversely, if £=280°, A*B=0,

ED 11 A = A+ 40+ Ak, show that 4 - A A A

A-A = (A)(A)cos 0° = A°. Then 4=7/A-A.
(A + A0 +Agk) « (4,1 + A0 + 4.K)
(A)(A) + (A)(A) + (A)(4,) = AZ + A% + 43

Also, A-A
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If AxB=0 and if A and B are not zero, show that A is parallel to B.
If AXB =AB sin& u =0, then sin =0 and & =0°or 180°,

2 2 2 2
show that |AxBI° + |a-B° = [al |B[.

|axBl° + |a-B]® = |4B sin@ul*+ 4B cos 8 = A%B2sin?0 + 428 cos?0
= A4°8° = [af[Bf
i j k
@If A=A+ Aoj + Ak and B = Byi + B,j + Bk, provethat AxB = | 4, Ay 4j
By B, Bs
AXB = (Aii+A5) +Ask) x (Byi +Boj + Bsk)

Ayi X (Bqi +Boj +Bgk) + Aojx(Bqi + Boj + Bok) + Agk x (Byi + Boj + B3k)
A;Boixi + AyByixj + Ay Byixk +ApByixi + ABoixi + ApBaixk + AgBikxi + AgBokxj + AgBokxk
i J k
(AoBg — A3By)i + (AgBy = A1Ba)j + (A1By — AB)k = Ay Ay A
By B, B




If A=2i-3j-Kk and B=i+4j—2, find (@) AxB, (b) (A +B) x (A - B).

i J Kk
(@) AxB = (2i=3j=-k) x(i+4j=2k) = |2 -3 -1
1 4 =2
-3 -1 2 -1 2 =3
= - + = 10i +3j + 11k
32 el 2 e

Another Method.
(2i =3j—=k) x (i +4j -2k)

2ix(i+4j=2K) — 3i x(i+4j—-2Kk) - kx (i +4j-2k)

it

Qixi +8ixj—4ixk —3ixi~-12jxj+6jxk—Ekxi—4kxj + 2kxk

0+8k +4j +3k-0 +6i-jJ+4i+0 = 10i +3j + 11k

by A+B = (2i-3j-K) + (i+4j-2k) = 3i +j~3k
A-B = (21-3j-K) - (i+4i—-2k) = i—Ti +k Pk
Then (A+B)X (A-B) = (3i+j—-3K) X (i-Tj+k) = [3 1 =3
1 -1 1
= il_; "‘:‘ —j|:: _:’\ + kl:: _;l = -20i - 6j — 22k.
Another Method.
(A+B)X (A-B) = Ax (A-B) + B X (A=-B)
= AXA—-AxXB+BxA-BXB = 0—AXB—AXB~-0 = —2AxB

~2(10i +3j +11k) = —20i — 6§ — 22k, using (a).



THE GRADIENT

If d(x,y,2) = 3x%y — %22, find Vb (or grad ) at the point (1, —2, —1).
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Find Vo if (@) p=1n|r], b) = +.

(@) r=xi +yj +zk. Then lr‘ = «/ﬂﬂ? and @ =1In M = %IH(IEH'EHQ}-
Vo = Vin@a2+y2+2d)

= HiL marey2ed) + j*a—ln(xﬂﬁyhz’*’) b kD G242 +22))
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THE DIVERGENCE

If A=x%2i- 2yﬂzﬂj + :\:fzk, find V- A (or div A) at the point (1,—1,1).

1)

0 0 a
V-a {§;1+§;j +§;k}-{x9=i—-2ysz?j+xygzk}

itxgz} + -'@-(- %) + ":a-(xrgz)
ax By Z

2z — By%? +xy? = 1)) = 6(=1F(1)2 + (1)(=1Y = =3 at(1,~1,1).

Given ¢ = 2::3)'224. Find V+V& (or div grad ¢).

?qb = in—a—(zxayﬂz"} + jj—(h"!ygz‘*} + kﬁiﬂxay?z'&)
3 Sy 3

= 6x%%ti + 4x5}_24 j o+ ﬂxsygzs k

Then V-V = (ii + —a—j + ﬁn] - (B2t i + 42yt + 8222 K)
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Laplacian operator = V~

2
Show that v'?qbzvgé, where V- = g . 9 4 9

denotes the Laplacian operator
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Prove that ?E(.},} = 0.

v'idy =(32+32+32){ : )
r Ox? ayi‘ 3,2 m
%{ﬁ} = %E32+T?+22}—ﬂ? = _x{x9+}r2+22)—5ﬁ2
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(x2+ y2+ 22)5;’2

Similarly,

2 2

3° , ] | 292 — 2% — x

and & ( 1 y = 222 — %2 — 42
322 m fx?+jf2+zr"}51"2
2 o =
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Then by addition, + +
¥y ( P ‘ayz azg} (m

2
The equation V ¢ = 0 is called Laplace’s equation.



THE CURL

If A =xz%i — 2%zj + 2yz*k, find Vx A (or curl A) at the point (1,—1,1).

Vxa = f‘;ii"'aa',i+£klx{xz3i—-2x2yzi+2yz“ki
i i
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[BT{%’I*} Bz( yz))i + [Bz (xz9) B:r,{ yz4)]j + [Bx( 2y z) By{ Y K

I

(2% + 2%)i + 3x2%j — 4xyzk = 3j + 4k at (1,~1,1).



[f A = x%%i — 2¢zj + 2yzk, find curl curl A.

curlcurl A = Vx(Vxa)
i i
= Vx a—i % B_az = Vx [{2x+.‘?.z}i — (x2+22}lr.]
2y — 2z 2yz
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